ISRAEL JOURNAL OF MATHEMATICS 108 (1998), 45-82

UPPER BOUND THEOREMS
FOR HOMOLOGY MANIFOLDS

BY

IsaBELLA NOVIK

Institute of Mathematics, The Hebrew University of Jerusalemn
Givat Ram, Jerusalem 91904, Israel
e-mail: bela@math.huji.ac.il

ABSTRACT

In this paper we prove the Upper Bound Conjecture (UBC ) for some
classes of (simplicial) homology manifolds: we show that the UBC holds
for all odd-dimensional homology manifolds and for all 2k-dimensional
homology manifolds A such that

Be(d) <Y {Bi(A)i#k—-2,kk+2and 1 <i< 2% -1},

where 3;(A) are reduced Betti numbers of A. (This condition is satisfied
by 2k-dimensional homology manifolds with Euler characteristic x < 2
when k is even or x > 2 when k is odd, and for those having vanishing
middle homology.)

We prove an analog of the UBC for all other even-dimensional homology
manifolds.

Kuhnel conjectured that for every 2k-dimensional combinatorial manifold
with n vertices, (~1)¥(x(4) —2) < (" 57%)/(3%"). We prove this
conjecture for all 2k-dimensional homology manifolds with n vertices,
where n > 4k + 3 or n < 3k + 3. We also obtain upper bounds on
the (weighted) sum of the Betti numbers of odd-dimensional homology

manifolds.
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1. Introduction

In this paper we prove several extensions of the upper bound theorem for convex
polytopes. We start by briefly describing the history of the problem and give
some definitions.

Let C4(n) be the cyclic d-polytope with n vertices. (That is, C4(n) =

Ca(z1,22,...,2,) = conv{vy,va,...,v,} C RY where 21,2,,...,2, € R are
all different and v; = (z;,z%,23,...,2%).) It is well known that the combinato-

rial type of a cyclic d-polytope does not depend on the choice of z1,z2,..., 2,
and that all cyclic polytopes are simplicial {[22]).

Definition 1.1: ~The f-vector of a (d — 1)-dimensional simplicial complex A
is a vector f(A) = (f-1,fo, f1,--+, fa—1), where fi denotes the number of k-
dimensional faces of A.

The Upper Bound Conjecture (briefly, UBC) proposed by Motzkin in 1957 [12]
asserts that if P is a (simplicial) d-polytope with fp = n vertices, then for every
k=1,...,d-1

fe(P) < fi(Ca(n)).

This is obvious for k < |d/2], since every k < |d/2] vertices of the cyclic d-
polytope form a face.

Recall that the Euler characteristic of a simplicial (d — 1)-dimensional complex
A, x(A), is defined by

d—1 d-1
X(B)=1= Y (-1)ifi(a) = Y (-1)'4i(A),
1=—1 i=—1
where (3;(A) are reduced Betti numbers of A (that is, 8; = dimy Hi(A; k) for some
field k; note that if A is a connected non-empty complex, then 8_; = By = 0).
Recall also that if A is a simplicial complex and F is a face of A, then the link
of FlkF,isaset {GEA:FNG=0,FUG € A}.

Definition 1.2: A simplicial complex A is a Eulerian complex, if for every face F'
of A (including the empty face) x(lk F) = 1 + (—1)dimkF

In 1964, Klee conjectured that the assertion of the UBC holds for all Eulerian
complexes and proved it for Eulerian complexes with sufficiently large number
of vertices (8]. In 1970, McMullen [11] gave a complete proof of the UBC for
polytopes, and in 1975 Stanley proved the UBC for arbitrary triangulations of
spheres [17], [19].

In this paper we prove the UBC for several classes of homology manifolds: all
odd-dimensional homology manifolds, all even-dimensional Eulerian homology
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manifolds (that is, homology manifolds that are Eulerian as simplicial complexes),
and, in fact, an even larger class of homology manifolds. We also obtain the
analog of the UBC for arbitrary even-dimensional homology manifolds.

Definition 1.3: A {finite) simplicial complex A (or, more precisely, the geometric
realization X of A) is a homology manifold if for any p € X and any ¢ < dim X,
H;(X,X —p) =0 and Hgim x(X,X — p) = Z, where H;(X,X — p) is the i-th
relative singular homology with coefficients Z.

Remark: (1) The link of any non-empty face of a homology manifold has the
homology of the sphere (see [13]). Therefore, a homology manifold A is Eulerian
iff x(A) =1+ (—1)4imA),

(2) Note that any (triangulation of a) topological manifold is a homology mani-
fold, but the converse is not, true. In other words, there are the following relations
between various classes of “manifolds”:

homology manifolds D triangulations of topological manifolds

(D combinatorial manifolds)
and all inclusions are strict.

THEOREM 1.4 (UBT for odd-dimensional homology manifolds): Let A be a
(2k — 1)-dimensional homology manifold on n vertices. Then

filA) € fi(Cax(n)) fori=1,...,2k—1.

THEOREM 1.5: The UBC holds for all 2k-dimensional homology manifolds, such
that
Bre(D) <D {B:(A) ii# k—2,kk+2and1 << 261},

Remark: Throughout this paper, §;(A) are reduced Betti numbers of A,
calculated with respect to any field of characteristic two or with respect to any
other field k such that A is orientable over k. Since a homology manifold is a
Buchsbaum complex over any field and since the Euler characteristic does not
depend on the choice of the field, this restriction does not affect our resuits. On
the other hand, under such an assumption, 8; = 84-1—; forany 0 < i < d—1 by
Poincaré’s duality theorem. (Statements of Sections 2 and 4 hold over any field
k)

Definition 1.6: The h-vector of a (d — 1)-dimensional simplicial complex A is a
vector h(A) = (hg, hy,. .., hq) such that

d d
Zhixd—i — Zfi_-l(x _ l)d—i,

=0 =0
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or, equivalently,
4 rd_ i
TRISES 3l o [
=0

Remark: f-numbers of a (d — 1)-dimensional homology manifold A satisfy cer-
tain linear relations, known as Dehn-Sommerville relations. These relations were
derived by V. Klee [7] (for a more general class of simplicial complexes, namely,
all simplicial complexes A satisfying y(lk F) = 1+ (=1)9™!% for any non-empty
face F' of A) (see also [10, 19}). These relations can be conveniently expressed in
terms of h-numbers. They assert that

(1) hges—h; = (—1)*‘(‘?)0((13) — QA+ (=DTY) fori=0,1,...,d

1

We will use several versions of these relations (see Lemmas 5.1, 7.3 below).
We prove the following result concerning face numbers and Betti numbers of
homology manifolds.

THEOREM 1.7: Let A be a (d — 1)-dimensional Buchsbaum complex on n
vertices. Let

A\
hi(A) = hi(A) + () Y (1B (A)  forj=0,1,...,d.
J =0
Then, h{(A) =1, hi(A) =n —d and
<r>

@ 5 (k@ - (7 )a@) T err=1adon

where, for
a (nr) <n,_1) (nz>
T r—1 i

(where n,. > n,_y > --->mn; > 1> 1), we define

<> _ (et 1 Np_1+1 n; +1
¢ <r+1)+( T o i+1)

This theorem is similar in spirit to a theorem of Bjorner and Kalai on face
numbers and Betti numbers of simplicial complexes. (But here we have only
necessary conditions rather than a full characterization.)

Remark: The main reason for defining the modified h-vector, 4, is the Schenzel
theorem (see Theorem 2.7 below).

To describe our results for arbitrary homology manifolds we need the following
definition:
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Definition 1.8: A simplicial complex A is said to be [-neighborly complex if any
[ of its vertices form a face in A.

[-neighborliness has a simple interpretation in terms of h-numbers: a complex
A is l-neighborly iff

n—d+i—1

) for any ¢ <.
)

) = (
Note that all d-dimensional cyclic polytopes are |d/2]-neighborly and it is known
(and also follows from the UBT) that simplicial d-polytopes and, more generally,
triangulations of (d—1)-dimensional spheres with more than d+1 vertices cannot
be (1d/2] + 1)-neighborly. The UBT for odd-dimensional homology manifolds
implies that no {2k — 1)-dimensional homology manifold with more than 2k + 1
vertices can be (k + 1)-neighborly.
On the other hand, a 2k-dimensional homology manifold A with n > 2k + 2
vertices may be (k 4 1)-neighborly. If this is the case, then

fi(A):(izl) fori=0,... .k

It follows from the Dehn—Sommerville relations (see (1)) that for a 2k-dimensional
homology manifold A all face numbers of A are completely determined by fo(A),

fi(A), ..., fr(A) as certain linear combinations. Substituting in these linear
combinations
n .
fi= (k+1> fori=0,....k

we obtain an expression for the number of i-faces of any (k + 1)-neighborly 2k-
dimensional homology manifold with n vertices (for any 1 < ¢ < 2k). Denote
this number by M, (n,2k + 1). (For an explicit formula for M;(n, 2k + 1) see
Section 6. Note that the numbers M;(n, 2k + 1) are determined formally from
the linear relations; we define them even if a (k + 1)-neighborly 2k-dimensional
homology manifold with n vertices does not exist. Moreover, note that the num-
bers M;(n,2k + 1) are rationals, and in general are not integers, so for some n
and k, a (k + 1)-neighborly 2k-dimensional homology manifold cannot exist.)

THEOREM 1.9 (UBC'): Let A be a 2k-dimensional homology manifold on n
vertices. Tken

fi—1(A) < Mi(n,2k+1) fori=2,...,2k+ 1.
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If equalities are attained in all these inequalities, then A is (k + 1)-neighborly,
G:(A) =0 unlessi =k or i = d, and

n—k—2 2k+1
= (e )
Kiihnel conjectured ([9]) that for any 2k-dimensional combinatorial manifold
A with n vertices

and equality holds iff A is (k + 1)-neighborly. This conjecture was known to be
true for k < 2 and also for n < 3k+3 and n > k?+4k+3 (see [10]). In Section 5 we
give a proof of the Kiihnel conjecture for all 2k-dimensional homology manifolds
with n vertices, where n < 3k + 3 or n > 4k + 3. We prove, in fact, that for such
n Kithnel’s upper bound applies even for Sy + 2(Bk..2 + Bk—3 + -+ + B1 + Bo)-
We also prove that for n < 3(k + 1) or n > 7k + 4 Kiihnel’s upper bound applies
even for 21221—1 G;. In addition, we find a similar upper bound on the sum of the
Betti numbers for odd-dimensional homology manifolds.

Equality in Theorem 1.9 and the Kiihnel conjecture holds if A is a
{k 4+ 1)-neighborly 2k-dimensional homology manifold. The existence of a
(k + 1)-neighborly triangulation of a 2k-dimensional (topological) manifold for
k =1 and infinitely many n is the famous Heawood conjecture settled by Ringel
and Youngs [14]. There are only five known examples for higher values of k (see
[10]), but it is plausible that for every k there are infinitely many examples.

The structure of the paper is as follows. Section 2 contains background material
on Buchsbaum complexes. The proofs of our main results are given in Sections
3-6. In Section 7 we discuss several further conjectures. The proofs are based
on studying the combinatorics of the “shifted model” [2] (i.e. the generic initial
ideal [4]) of the Stanley—-Reisner ring of Buchsbaum complexes.

2. Buchsbaum complexes

In this section we review some facts from commutative algebra and topology that
produce an inequality for the h-vector of a Buchsbaum complex.

Definition 2.1: Suppose that R is a finitely generated standard graded algebra
over a field k. That is, R = @20 R;, where Rg £ k and R; is a finite-dimensional
vector space over k, such that R;R; = R;,; for all i, j € N. (Elements of R; are
called i-homogeneous elements of R.) Then
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e H(R,i) = dimy R; is called the Hilbert function of R;
o F(R,z) =Y, H(R,i)z" is called the Poincaré series of R.
Definition 2.2: Let R be a finitely generated graded algebra over k.

e The Krull dimension of R {dim R) is the maximum number of algebraically
independent (over k) clements 6;,...,04 in @io, R;.

o Asequencefy,...,04 € | J;o, R; is called an h.s.o.p. (homogeneous system
of parameters) for R iff d =~ dim R and dim R/(64,...,64) = 0. (Equiv-
alently, 61,...,04 € o; R is an his.o.p for Riff d = dimR and R is a
finitely-generated k{61, ..., 04]-module.)

Let R be a standard graded finitely generated algebra over field k. It is well-
known (sce, for example, [1]) that

o F(R,z) = Pr(z)/(1 — )% where d = dimR, Pg(z) € Zz], Pr(0) =
1, Pg(1) #0.

o For sufficiently large m,

H(R,m) € Q[m|, where deg(H(R,m)) =d— 1.

Definition 2.3: Let A be a simplicial complex on the set of vertices V =
{x1,22,...,2,}. The Stanley Reisner ring of A is Ra = K[z, ... ,Tn]/Ia, where
In is the ideal in k[zi,...,z,|, generated by all square-free monomials
T, Ti, -+ Ty, such that {z;,,x4,,... 2, } € A.
Define degz; = 1 for i = 1,2,... ,n. This makes R into a graded ring.

CraM 2.4 (Stanley [18], [19]): For a simplicial complex A

1 ifm =20,

dim A

H(RA,m) = ~1 .
(Fn,m) me-(’ni > ifm > 0.
i=0

In particular,
dim RA =1 +dim A.
COROLLARY 2.5: If A is a simplicial complex of dimension §, then

641
(2) (1-2)""F(Ra,z) Zhl.'t
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Definition 2.6: A finite connected simplicial complex A is called a Buchsbaum
complex (over k) if for any p € X = |[A] and any i < dim A, H;(X, X —p; k) = 0,
where H;(X, X — p;k) is an i-th relative singular homology over k.

For example, all connected homology manifolds are Buchsbaum complexes over
any field (this follows immediately from the definition of a homology manifold).

THEOREM 2.7 (Schenzel [16]): Let A be a (d — 1)-dimensional Buchsbaum
complex and let B_1,[,...,B4—1 be its reduced Betti numbers. If 6;,...,04 €
(Ra)1 is an h.s.o.p. for Ra, then

j—1
(3) (1~2)'F(Ra,z) = F(Ra/(b1,-...62),2)+ Y (j) <Z("‘1)j_i,3i—1> a’.

J=1 =0

Define (hg, h1,...,h}) by

d
> hial = F(Ra/(61,...,04),2).
j=0

Then, by Corollary 2.5, we can rewrite (3) as

j—1
(4) hj=h; - (j) S (-1 1Bily,  forj=0,1,....d.
i=0

Now, we fix an infinite field k. Suppose that A is a (d—1)-dimensional complex
on n vertices. In particular, dim RA = d. By the Noether Normalization Lemma
there exists an h.s.o.p. for Ra. Moreover, since k is infinite and Rp is generated
by 1-homogeneous elements, we can choose an h.s.op. 61,...,0; from (Rp);.
Let 61,...,04 be such an h.s.o.p. Denote by S; the i-th homogeneous component
of S = Ra/(64,-..,84). Now, observe that

(5) h1 = dimy Sy = dimk(RA)1 — dimk(Span{f;,...,04}) =n —d

and S = Ra/(61,...,04) is generated by S;. Therefore, we obtain that the
dimension of S; (over k) is not bigger than the total number of monomials of

degree ¢ in n — d variables. Therefore,
(6) h;:dimksig<"_dj’"1>.

Combining (4) and (6), we observe that for a (d — 1)-dimensional Buchsbaum
complex A on n vertices

(1) hi(A) < ("‘d’fj - 1) - (‘j) Ji(—ni—i—lﬁi‘l(m for j =0,1,...,d.

J 1=0
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Remark: In Section 4 we will obtain much stronger inequalities than (6) (see
Theorem 1.7). In particular, from that theorem it follows that if 5;(A) > 0 for
some 0 < ¢ < d—1 then

W, < ("‘d;3“1> for all § > +2.

More precisely, it follows that

—d4j—1
h;:<” b

) for some j
J

implies that

- i1
h;:(” dti ) for all § < j
1

and B; =0 for all ¢ < j — 1; then by (4),

hi:h§:<n_d_ﬁz_1) for all 1 < j,
i

and so A is j-neighborly.

3. The proof of the UBC for odd-dimensional homology manifolds

In this section we prove the UBC for odd-dimensional homology manifolds. The
proof is very simple; it follows at once from the Schenzel theorem and Dehn-
Sommerville relations.

LEMMA 3.1: For natural d, i, m

Sen(4)- () s ()

Proof: Follows immediately from the fact that for any j
(5)-G--(57)
=1 + .-
] -1 J

Now we are ready to prove Theorem 1.4. Let A be a (2k — 1)-dimensional
homology manifold with n vertices. From Poincaré’s duality theorem, it follows
that x(A) =0, and so by Dehn-Sommerville relations (1)

h,(A) = th_i(A) for i = 0, 1,... ,2]6.
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Using this and the definition of h-numbers, we obtain that

k

(2= J _
(8) fia JZ ((%-z) <2k_l>)hJ(A)
for l =1,...,2k, where we used the following notation:
k k—1
D) =Y e) + ¢( ) forany ¢ and m < k.
j=m ] =m

Thus, for [ =1,...,2k,

=0

£ ()G

E[E e G 6]
E[E e )L

C727)-G) ]

< fi-1(Cax(n)),
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since by Lemma 3.1

2k—i—1
o { -1 -1
1)yt = >0fori=01,... k—1.
2 (%—j) ( i )*(%w‘—l)' dET e

=i+l
Remark: The proof of Theorem 1.4 gives upper bounds on f;(A) in terms of
fi(Cax(n)) and Betti numbers of A. Namely, we obtain

@ aene- (F) [0+ Gl )]as

=0
However, since the upper bounds on A-numbers that we used, (7), are not sharp
(see remark at the end of Section 2), these upper bounds are not sharp as well
in the following sense: if §;(A) # 0 for some ¢ < k — 1 then these inequalities are
strict for all { > 4 + 2.

The other consequence of (9) is that a (2k —1)-dimensional homology manifold
can be k-neighborly only if all 8;(A) = 0 except fSax_1 and, possibly, Br_1 = B
(compare Theorem 1.9). (It is known that for any (topological) 3-manifold there
is a 2-neighborly triangulation if the number of vertices is chosen to be sufficiently
large, see [21}, [15]; however, it is not known whether all (k—2)-connected (2k—1)-
manifolds admit a k-neighborly triangulation for & > 2.)

4. New inequalities

In this section, using facts from commutative algebra for local cohomology
of Buchsbaum modules and the shifting argument applied to the Stanley-Reisner
ring, we provide new relations between sequences {h'(A);} and
{R5(A) — (dJ‘l)Bj_l(A)}, where A is a (d — 1)-dimensional Buchsbaum com-
plex. These relations together with Macaulay’s theorem give new inequalities
(see Theorem 1.7), much stronger than (6).

These inequalities were conjectured by G. Kalai. He also suggested a way for
their proof.

Let A be a (d — 1)-dimensional Buchsbaum complex on n vertices. Let Ra =
k{z1,...,z,])/Ia be the Stanley—Reisner ring of A. Let y; = 22:1 /\ij fori =
1,2,...,n be generic combinations of z1,...,z, (see [2]). For r = 0,1, ... denote
by M, the set of all monomials in y1,...,, of degree 7.

Now, we choose a basis of Ra over k in the following way:

1. For r = 1,2,... we order the elements of M, in the lexicographic order
(<ilez). Lexicographic order is a linear order, so we can write

T
Mr = {m; <lex mg <lex Mgy <lex }
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2. We define S(A) = 7=, Sr(A), where

SH(A) = {m] € M, : m] is linearly independent of m7,...,m]_, in Ra}.

It follows immediately from this construction that S(A) is a basis of Ra over k,
and that S(A) is an order ideal of monomials. (That is, if m € S(A) and m/
is a divider of m, then m' is also in S(A).) Moreover, S(A) is shifted (see [2]).
(That is, if m = x;y2;9 -+ 24, is in S(A), where i) < iy < --- < 4., and there
are some numbers 1 < jy,jo,..., 7, such that 7; < iy,J2 < 9,...,Jr < i, then
T iy ;. is also in S(A).)
Let MON({) := {m : misamonomialin y,¥i41,...,¥n}. For i =
0,1,...,d — 1 define
i~1
A; ={m e S(A)NMON(i +1): m ¢ U Aj and 3k € N s.t. yf. -m ¢ S(A)}.
§=0
In other words, (since S{A) is shifted) m € A; iff m satisfies the following

conditions:
e m is a monomial in the variables y;y1,...,Yn;

o m belongs to S(A) and, moreover, all monomials obtained from m by
multiplying it by any monomial in the variables yq,...,y; arc in S(A), but
there is a monomial n in the variables yq, ..., ¥4 such that nm ¢ S(A).

Define o
Aq = (S(A)NMON(d +1)) - [ 4
i=1

={m € MON(d+1) : Yk € N 5 -m € S(A)}.
In other words, (since S(A) is shifted) Ay is the set of all monomials m in
the variables yg41,...,yn such that m € S(A) and the product of m and any
monomial in the variables y,, ..., yq belongs to S(A).

Let P;(x) be the generating function of A; (that is, Pi{z) = ijo V27 where I
is the number of monomials in A; of degree j). It follows easily from the definition
of Ag, A1, ..., Ag (and the fact that S(A) is shifted) that any monomial m € S(A)
can be written uniquely as m = n'm’, where m’ € A; for some 0 < i < dand n
is a monomial in yi,..., ;. Since S(A) is a basis of Ra over k this implies that

d

Ra =@ [ D n ks, v

i=0 \n€A;
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Thus,

4 hi(A)a? d
ZJ(z]AOiLJx()d) Cor_.:2 5 RA, Z ( Z xdegnF y1, o ’yz] ))

=0 \n€A;
K- degn 2. P
ZZ_;;L; (1-z) Z (1—2x)
In other words,
d—1
(10) Paf) = hiz) - ¥ Pi(@)(1 - z),
=0

where h(z) = Y0, hiz*.
Using facts for local cohomology of Buchsbaum modules, we will prove

LEMMA 4.1:
m—1

:Z< )530’“ form=12,...,d-1,
=0

Py =0 and, therefore, Ag = {.
We postpone the proof of this lemma until the end of the section.
From (10) and Lemma 4.1 we obtain

d

i [Z_ ( )ﬂixi“] (1—z)d—™,

m=1
Let Py(z) = ijo k;x?. Then

d—1 -1

e SR D)0

(11) m=]1 i={)

BB ()

Ifi=j—1, then

wE (T)E)-E6- £00) -

m=1 m=j m=3—1

If i < j — 1, then

I [ B SN o e W

m=1

)
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From (11)-(13) it follows that

d—1 d\ = i
kj=h;— ( . ),31'_1 + () (1) lﬁi_l
J V)

by (4) ,, d—1\

Thus, we obtain

LEMMA 4.2:
d

i ()

=0

LuMMa 4.3: Y4 Pa(z) = Z] o B

Proof: By Lemmas 4.1 and 4.2

d--1 m d
ACEN S (02 oo+ 3 (= (7 1))
m=0 m=1j=1 M T j=0 J
d ) d—1 d—1 ] ) d .
S ((5)-E60)s)-Sue
j=0 m=1 j=0

Let S(A) := S(A) N MON(d + 1) and S.(A) := {m € S(A) : degm = r}. So,
S(A) is a basis of Ra/(y1,-..,ya) over k. Now, note that y1, ..., yq is an h.s.0.p.
for Ra. Therefore, by the definition of h’' (see Section 2), h'(z) = ZJ -0 h;z]
is a generating function of S(A). Since P; is a generating function of A; for

t=0,...,d and Uf:] A; D S(A), we obtain from Lemma 4.3

COROLLARY 4.4: U?:] A; = S(A). In particular, fori = 1,...,d, A; C S(A),
and so A; C MON(d +1).

This corollary implies
COROLLARY 4.5: Foranyi=1,...,d—1and any m € A;, yir1 -m ¢ S(A).

Proof: Suppose that there is m € MON(d + 1) such that y;41 - m € S(A). Note
that y;+1-m ¢ MON(d+1). So by Corollary 4.4, y;4-m ¢ Ui.=1 Aj;. Therefore,
by the definition of A;, for all k € N, yfﬂ Yip1m = yffll m € S(A). Thus,
m ¢ Ai. [ |



Vol. 108, 1998 UPPER BOUND THEOREMS 59

COROLLARY 4.6: The shadow of the set S'T_H(A), 8r+15'r+1(A), is contained
in Ay (where, for a monomial m of degree l, we define the shadow of m, 0;{m},
by d{m} = {m' : degm/ =1 -1, and m'|m}, and for a set B of monomials of
degree |, we define the shadow of B, 9B, by O\B = J,,c g O{m}).

Proof: S(A) is an order ideal, so by definition of S(A), S(A) is also an
order ideal. Thus, 8,415,41(A) C S’T(A). By definition of Ay, S'T(A) — Ay =
(AjUAU---UAg_1) N S.(A), so, by Corollary 4.5, for each m € S.(A) — Ay
there is an i = i(m) < d, s.t. y; - m ¢ S(A). Therefore, ygi1 - m, ygi2 -
m,...yn - m ¢ S(A), since S(A) is shifted. Thus, m ¢ 9,11S,41(A). There-
fore, 8T+15'T+1 N (S'r — Ay) =0, and so 6T+15'T+1 cS,.NA,. ]

Since Py(z) = > (h} - (dgl)ﬂj_l)ﬂjj is a generating function of A4 and h'(z) =
Z;l:o h;mj is a generating function of S, Corollary 4.6, (4) and Macaulay’s the-
orem (see [5]) imply Theorem 1.7, which asserts that for a (d — 1)-dimensional

Buchsbaum complex A on n vertices, by = 1, h] = n — d and

1 <r>
’T+1§<h;_<d )ﬂr,1> forr=1,2,...,d—1.
T

In fact, nowhere in this paper do we need an exact expression for
<r>
(h’T — (d;l) ,8,_1) , which Macaulay’s theorem provides. Rather, it will be

sufficient for.our purposes to use some upper bounds for (h; — (d;l) ﬁr_l) =

Now we are going to prove Lemma 4.1. First, we review some relevant commu-
tative algebra. Let M = @, 5 M; be a finitely generated module of dimension
d over a finitely generated graded ring R = @;’io R;. (That is, R; - M; C Mi;
for all ¢ and j. The (Krull) dimension of M, dim M, is defined as a dimension of
the ring R/AnnM.) Let m = EB;’; R; be the irrelevant ideal of R.

Definition 4.7: A system of elements zy, ...,z, € m is called a weak M-sequence
ifforeachi=1,...,r

(@1,... i) M 13 = (z1,..., 2 1) M :m,
where for an ideal o of R and a submodule N of M N :a={u€ M :a-u C N}.
In particular, for i =1 we have 0: z; =0 : m.

Definition 4.8: A family (z1,...,z4) of elements z;,...,z4 of m is said to be a
system of parameters of M if dim M/(z1,...,z4)M = 0.

(By the Noether Normalization Lemma a system of parameters allways exists.)
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Definition 4.9: M is called a Buchsbaum module if every system of parameters
of M is a weak M-sequence. R is called a Buchsbaum ring if it is a Buchsbaum
module as a module over itself.

It is known (see [16]) that for a finite simplicial complex A, A is a Buchsbaum
complex in the sense of Section 2 iff Ra is a Buchsbaum ring.

Denote by H*(M) the local cohomology module of M. We recall that H*(M)
is a graded module and that

HO(M) = {u e M :mF-u =0 for some k}.

Now, suppose that M is a Buchsbanm module. Denote by Fi(x) = F(H*(M), z)
the Poincaré series of H*(M). For i = 0,1,...,2(d — 1) we define modules
M; as follows: My = M, M; = MO/HO(MO). Suppose that My;_; is already
defined. Let z; € m be a non-zero divisor on My;_; of degree one. Define
Mayj := My; i/x;My;_1 and My, 41 = My /H®(My;). 1t is a known fact from the
commutative algebra (as proved by D. Eisenbud and R. Stanley, see Appendix)
that for a Buchsbaum complex M

k-1
(14) F(H®(Ma), Z( ) _,-H(-.r)mjTi fork=1,2,...,d—1,

i=0
where F(H®(Mayy), z) is a Poincare scries of HO(Mjyy).
Proof of Lemma 4.1: Let R = M = Rp and My; = Mg;_1/yiMy;_1. (More
precisely: My; = Mo;—) /4;Ma;_1, where g; is the image of y; in M,,_; under the
natural homomorphism.) Then by (14)

k-1
k-1 .
F(HO(Mzk),x) = Z ( i >Fj+1(:t)z’+1 fork=1,2,...,d—-1.

: J

7=0
Since A is a Buchsbaum complex, H*(M) = H*(Ra) = Hi_1(A) for i < d — 1
(see Corollary 4.13 on page 144 of [20]) and all clements of the module H*(M) =
H*(Rp) have degree 0 (sce Lemma 2.5 on page 117 of [20]). So, actually, F; is a
number, rather than a formal series, and for 7 < d — 2

Fjp1 = F(H*(M), z) = dime (B (M) = dimie (A, () = 5,(A).

Thus,

k—
k—
F(H%(My),z) = < i I)ﬁ]-z’H fork=1,...,d-1.
Jj=0

—
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Also, since My = Ra, H°(Mg) = 0. Therefore, to complete the proof of the
Lemma, it is sufficient to show that the generating function of H%(Ma;) and that
of Ay coincide for any £k =0,1,...,d— 1. We will prove a slightly stronger result:

Let B, = MON(k+1)NS(A) — U5 4; for k=0,1,...,d—1, s0 By is the set
of all monomials u in MON(k +1)NS(A), such that forany I € N and j < k+1,
xé -u € S{A). We prove by induction that

1. By U Ag (more precisely, the image of By, U Ay, in Moyy) is a basis of My
over k;

2. the generating functions of HY(My;) and Ay are equal;
3. By is a basis of Mykqq over k.

Suppose that the assertion is true for k — 1, so By_; is a basis of My,_1. Since
Moy = Mag_1/yxMak—1, this implies that By 1 NMON(k + 1) = B, U Ay is a
basis of M. Let Nz be the submodule of My, generated by By. From the
definition of By, it follows that for any [, y. +1° Bx C Bg. Since By is a basis of
Nak, yr+1 € m and HO(May) = {u € My, : m! - u = 0 for some 1}, it follows that
Nok N HO(Ma) = {0}.

Since M is a Buchsbaum module and (yy,...,%4) is a system of parameters of
M, we have that (y1,...,y4) is a weak M-sequence of M, so

{ueMy:m-u=0}={ue My : yrs1 u=0}
Therefore,
HO(Mag) = {u € May, : m - u = 0 for some [}

={u € May : Yk 1 - u =0 for some [} = U Ker(yk1),
leN

(15)

where yLH Tu yfcﬂ S

Since By U Ay is a basis of My, and since it is shifted, we obtain from (15) and
the definitions of Ay and By that the generating functions of H O(Mgk) and Ax
are equal. Therefore, for each [ € N, [Ny, and [H®(May)]; have complementary
dimensions in [M3); (here [ ]; is an I-homogeneous part of the module). Since
NoxNHO(Mzy) = {0}, we obtain that May, = Nop®HO(Myy). Recalling that By, is
a basis of Ny, we see that the image of By is a basis of Mak1 = Mgk/HO(Mgk).
This completes the induction argument. It remains to note that for k = 0,
By U Ag = S(A) is, indeed, a basis of My = Ra. 1
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5. Upper bounds on Betti numbers; Kiihnel’s conjecture

In this section, after proving some auxiliary results about h’-numbers and Betti
numbers, we obtain upper bounds on (weighted) sum of the Betti numbers of
homology manifolds (in both odd-dimensional and even-dimensional cases). In
particular, we prove the Kiihnel conjecture for arbitrary 2k-dimensional homology
manifold on n vertices where n > 4k+3 or n < 3k+3, and, in fact, some stronger
results.

From now on, let A be a (d — 1)-dimensional homology manifold on n vertices.
We begin by obtaining another version of the Dehn-Sommerville relations (1) for
homology manifolds.

LEMMA 5.1:

d )
h:i_]-(A) = h;-(A) + (]) (B;(A) = Bj_1(A)) forj=0,1,...,d—1.
Proof: By the Dehn-Sommerville relations

ﬂum&u+ewH»=ew(

(16) haey = 1y = (1)

d—2 .
jlﬂvnm

for j =0,1,...,d.
Then, by the Schenzel theorem (see (4)),

:i—j o h; = (hd"j + (;i) (/Bd——j—2 - ﬂd—j-—?» + ,Bd—j—4 - .. ))

- (h]- + ((;) (Bj—2 — Bj—3 + fj-a— ))

by Poincaré duality
= (ha—j = hy)

+ ((j) ((Bj+1 — Bj+2 + Bjra — - )
—(Bj—2 = Bj-3+ Bj—a—-..))

by (16) (~1)f (d) g(*l)’ﬂi

J

=0
+ (j) (g(—l)i-j_lﬂi +(B; — ﬂj—1)>
=(;l) (6; = Bi-1). N

Our second step is to obtain a weaker version of Theorem 1.7, which will be
more suitable for the proofs.
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LeMMA 5.2: Let N; = ("), Forj=0,1,...,d - 1,

J
Nin
Rivr S Njy1— Z }JV Bi-1-
i=1 '
If equality is attained then B = 8y = --- = 3;_1 =0.
To prove Lemma 5.2 we will use a weaker version of Macaulay’s theorem. It

asserts that if a = () (here a € N, £ € R) then a<"™> < (fill) In particular,

0 Ja < (“:i D/(f) —(z+1)/(r+1).

Since the function (z +1)/(r + 1) is increasing as a function of z, we obtain that
ifa<N, = ("‘d”_l) then

r

n—d+r N+]
<r> < = r
(17) a ST a N, a,

and equality is attained iff a = N;.

Proof of Lemma 5.2:  For j = 0 the lemma follows from (5). For j > 1 we obtain
from Theorem 1.7 that

d-1 <>
s (5 o)
;o fd-1 <G> g <
((hj‘l_(j—Jﬂj‘?) _( j )5"‘1)

> <j>

. .._((h;_(d;l)%)“l(d;)m)“

(applying (17) j times, we obtain)

2
Njyt N, Ny (d-1
< X _ J+1 J . i+1 .
SSUTEDY N, Nj_y N, \ i fimr

IA

IA

=1
J
N; d-1
-3 (17 e
=1 t
and if equality is attained then 8y =6y =--- = 81 = 0. 1

In the rest of this section we will obtain various bounds on the Betti
numbers of homology manifolds. Since the proofs in the odd-dimensional and
even-dimensional cases are very similar, we will consider only the even-
dimensional case, leaving the details of proofs in the odd-dimensional case to
the reader.
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LEMMA 5.3: Let A be a (d — 1)-dimensional homology manifold on n vertices.
1. If d = 2k + 1 then

k—1 2 n—k—2
n—3k—2 (3es) n—2k—2 (k+l)
B + ————Bk—1+ = Bi-1 < e
2k+1 ;(k 2k+1 (2:1)
n—-k—2
If equality is attained then 8; =0 fori =0,1,...,k—1 and B = ((2’1111))
k

2. If d = 2k then

Br—1+

n? — (2nk+k%>+n+k) anl 1 n—2k——1)
Kkt24n) 5. ”Z Tkt 2k
(” . 2) n

= 5 ntk+2

If equality is attained then §; =0 fort =0,1,...,k— 2.
Proof (for d =2k +1): Let z = N — hj,. By Lemma 5.2

sty YAO Y2
(18) 2> ;ﬁ(i)ﬁi_l

(and equality implies that Gy = 1 = - -- = Bx—2 = 0). Therefore,

<k>
a2 (- (7))
<k>
o = (o (2%_1))

by (17) Nk+1 Nk+1
< N —
S New - A ,Bk 1
(and equality implies that By = 81 = - - = fr—1 = 0). And, thus,
2k +1 by Lemma 5.1
( >(ﬂk“ﬂ 1) e k+1 — hy,
by (19)
(Ngg1 — Ni)

or, equivalently,

2k
(20) Bk + (N]$:1 (2(;!1)1)

k

Nk(2k1:-1) Z= (2k+1) - (2k}:—1)

n—k~—2
N1 — N, Npy1 — N
__1> ﬂ i+ k+1 k k+1 k ( k+1 ).

k
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Substituting the lower bound (18) for z in (20) and simplifying the coeflicients
of Betti numbers, we obtain the required inequality. |
LeMMA 5.4: Ifn < [3d/2] + 2, then ﬁ[(d—l)/?] > /Bl(d_l)/2j_l > -2 by
Proof: By Lemma 5.1, for any j = 1,2,...,|(d — 1)/2]
—d+j-1
4 — N 1—h3->1—(7 ].’ )
d <T@y = d
() () (5)
sincen—d+j—1<dforn <|3d/2]+2,j <|(d—-1)/2]. Thus, 8; —F;_1 > —1.

Since Betti numbers are integers, we obtain that 3; > 3;_; for j = 1,2,...,

[d-1)/2).

B — Bj—1 = >-1,

LrMMA 5.5:
(1) If n < |3d/2] + 2, then By = Py = -+ = Bld-1y/2)-1 = 0, and if
n < |3d/2]| + 2, then also B|(a—1)/2) is equal to zero.
(2) If |3d/2] +3<n<2d—2,then By =01 == Pag-1-n = 0.

Remark: In the case where A is a combinatorial manifold, a similar and some-
what stronger result was proved by Brehm and Kiihnel [3].

Proof (for d = 2k + 1): First, note that n > d+ 1 = 2k + 2, since A is a
(d — 1)-dimensional homology manifold.

e 2% +2=d+1<n<|3d/2]+1=3k+2. Then

n—3k—~2 k 1
> > .
2k+1 — 2k+1 2

By Lemma 5.4, 8x > Br—_1, so we have from Lemma 5.3 that

Ly Ot e () 1
C G B G B

Therefore 3 < 1, and so Gr = 0. By Lemma 5.4 we are done.

e n=3d/2] +2 =3k + 3. It follows from Lemma 5.3 that

(n—k—2) (2k+1)

1 k+1 k+1
Br+ o7——Bk-1 < =
i 17 TRy T ()

=1

Thus, either 8, = 0 and then by Lemma 5.4 we are done, or G = 1,
Or-1 =0 and then by Lemma 5.4, fx_1 = Bx_a ==y = 0.
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e 3k+4=[3d/2] +3 <n<2d-2=4k. From Lemma 5.3 it follows that,

fori <k-—1,
Bio1 < (";L‘?) . (n;?) 2k +1 _ (‘n—2ki+7;__2)
(3k+1) (;{_21) n—-2%k—2 )

Note that if i < 2d—~n = 4k —n+2, then n —2k+i—2 < 2k, and therefore
Bi_1 <1 Soforsuchi, g,_) =0. O

Now we are ready to prove the Kiihnel conjecture for 2k-dimensional homology
manifolds with at least 4k + 3 or at most 3k + 3 vertices:

THEOREM 5.6: Let A be a 2k-dimensional homology manifold with n vertices,
where n > 4k + 3 orn < 3k + 3. Then

("e1)
%

(-D*(x(8) - 2) <

(Note, that (~1)*(x = 2) = Bk — (Bes1 + Br-1) + (Brye + Be—2) — - =
Br+2 Zle (—=1)*Bk_; by Poincaré duality.)
We prove, in fact, a stronger result:

THEOREM 5.7: Let A be a (d — 1)-dimensional homology manifold with n
vertices.

(1) Ifd=2k+1andn >4k +3 orn < 3k+3, then

n k-2
B +2z@_ :ki‘l))‘

=0
(2) fd=2k+1andn <3k+3orn>7k+4, then

2k~1 n k—2)

Z ﬂz Bk + 2ZB1 = (2,;:_;11) .
k

(3) Ifd=2k andn < 3k + 2 orn >4k + 1, then

2k~-2 (nkz)

2
ZﬂﬁQZﬁ’— R n+:+2'

Proof: Again, we will prove the theorem only in the case of d = 2k + 1, leaving
the case d = 2k to the reader. In this case

o If n < 3(k + 1), the theorem follows from Lemma 5.3 and Lemma 5.5.
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s If n > 4k + 3 then (n —2k—2)/(2k+1) > 1. Also, for 0 < i < k-1,
2k—i>k+land 2k—4)+{(k+1)<3k+1<n—-2 50

n—2 n—2
> .
<2k-i> - <k+1)

Therefore,

"7 2%+1 T (MY k+1 ~ k+1 ~
and
(22) n-—-3k-2>0.

By Lemma 5.3, (21) and (22) we obtain

24 < (i)
[jk + 2 Z ﬁl S 2k+1 N
1=0 ( k )

o If n> 7k + 4 then

—3k-2 _ 4k+2
(23) n—3 +2

> =
2k+1 T 2k+1
And the result follows from Lemma 5.3, (21) and {23). |

2.

Remark: Let A be a 2k-dimensional homology manifold with n vertices. The
second assertion of Kithnel’s conjecture is that if
‘ (i)
(—1)(X(A)-2)=‘Yat:§—
k
then A is (k + 1)-neighborly. Here is the proof of this fact for n < 3k + 3 or
n > 4k + 3. From Lemma 5.3, (21) and (22), it foliows that for such n
‘ (i)
(-)*x(a)-2) = (e

implies that By = 81 =--- = fr_; = 0 and

(n—k—Z
o Ca.

k

Then by the Dchn-Sommerville relations for homology manifolds (see Lemma

5.1)
, , 2k + 1 n—k-2
(24) 'k+l_—hk:< k )ﬁk=< k+1 )=Nk+1—Nk.



68 I. NOVIK Isr. J. Math.

On the other hand, since hj,; < (h})<¥> and since hj,; < Niy1, we obtain
from (17)

N, h;
(25)  Phpr — hi < By — m’“:h'm = NNkt = Ni) < Neys = N

and equality is attained only if A = Niyy.
Comparing (24) and (25), we obtain that hj_ ; = Ngy1. Therefore, h; = b =
N;fori=0,1,...,k+1, and so A is (k + 1)-neighborly. |

Remark: To prove the Kiihnel conjecture for 2k-dimensional homology mani-
folds with n vertices, where n < 3k + 3 or n > 4k + 3, we used the following
facts: Theorem 1.7, which asserts that if A is a (d — 1)-dimensional Buchsbaum
complex on n vertices then hy(A) = 1, h1(A) =n —- d and

(26) ;+1(A)g<h;(A)—<d;1)ﬁ,_1(A)><r> forr=1,2,... d—1:

Poincaré’s duality theorem and the following version of the Dehn Sommerville
relations:
d d

(27) hii—j_h‘;: (])(ﬁ]_ﬂ]—l) fOfiZO,l,...,LgJ.

Unfortunately, these facts do not imply the Kiihnel conjecture for 2k-dimensional
homology manifolds with n vertices, where 3k + 3 < n < 4k + 3. Indeed, there
exist numbers k and n such that 3k + 3 < n < 4k + 3, and sequences of non-

negative numbers (hg, hy,...,ho, ) and (B1,...,B2k-1), where 3; = Box_; for
i=1,2,...,2k — 1 and By = 0, which satisfy (26) and (27), but such that
2k—1 ' (n—k—2)
(C1F Y (<198 > At
i=0 ( 5 )

For example, let us take k = 18 (so d = 2k + 1 = 37), n = 62,

3 i=16,20
Bi=< 20 1=18
0 otherwise

and define A, as follows:

( (n—d:—r—l) — (24:-1‘), r< k—1= 17’
1 2k <k—1>
(Phr = () Bez) = 288985623780, r = k = 18,
po= ) ki + (3F)Be = 642438261780, r=k+1=19,
" T hi_1 — (%)) Be—2 = 103868374320, r=k+2 =20,
Wy + (25,) Br—2 = 101479425660, r=k+3=2l,
S Y, r>k+4=22
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In particular {h;}, {0} satisfy (27). A computer check shows that these se-
quences also satisfy (26), but

whereas

6. Proof of the UBC and the UBC’ for even-dimensional homology
manifolds

In this section we prove the UBC for 2k-dimensional Eulerian homology manifolds
and the UBC’ for arbitrary homology manifolds. In fact, we prove that the UBC
holds for a more general class of homology manifolds.

Let d = 2k+1 and let A be a 2k-dimensional homology manifold on n vertices.
LEMMA 6.1: Forl=0,1,...,2k+1
k+1
fier(B) =) " dhy(A),
J=0

where ag- are non-negative (rational) coefficicnts independent of A.

Proof:

5=0
k+1 d
_ d-j d-j
= (d l)"”z (d—1>’”
j=0 j=k+2
by (1) k+1 (d—']>h
- J
; d—1
j=0
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S (2 e

s g ()(.2)
B (e (2 (o
+ (_l)k(h(’gl =t ((;) g(“l)j (d : j)'

Thus, for j < k-1,

(28) a§=(‘éj>+(dil>20,

(29)

g
g
IlE
)
bt
TN
o, &
[
o b
e’
+
/-'\l
Fal~a
N | N’
AN
= cul
+ |
o
N—”’
|

o= (8- GEer(L)
R O (B

(
k k k-1
= —_— > (.
(2k+1—1) l(2k+1—l)*0 .

Remarks: (1) Note that the coefficients a§ are rationals, not integers in general.

(2) Notice that the proof of the Lemma follows from the Dehn-Sommerville re-
lations only! Therefore, this result holds for a larger class of simplicial complexes,
namely, all simplicial complexes A satisfying x(lk F) = 1 + (=1)4™&F for any
non-empty face F' of A. Since the span of f-vectors of all such 2k-dimensional
simplicial complexes has dimension k + 1 (see [7]) this kind of representation of
f-vector in terms of h-vector is unique.
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Definition 6.2: For d = 2k + 1 define

E+1 k41
Mi(n,d) = ZQN Z (n—d+]—l)

Remark 6.3: If A is a Eulerian homology 2k-manifold, then (by the Dehn-
Sommerville relations (1)) h; = hogy1-; for i = 0,1,...,2k + 1, and we obtain
from (28)--(30) (or, directly from the definition of the h-vector) that

=S () () o

We recall that h;(Cary1(n)) = N; for j <k, so

k
2k+1—3 J
N
fi-1(Corna(n ]Z<<2k+1—l>+<2k+1—z>) y
Let A be a 2k-dimensional homology manifold on n vertices.

LEMMA 6.4: h; <N; forj=0,1,...,4k+2—n.

Proof: If n > 4k there is nothing to prove, and if n < 4k then the proof follows
from Lemma 5.5 and (7).

LEMMA 6.5:
hjy1 < Njp1 for max{0,4k + 2 - n} < j < 2k.

Proof: Let ig = max{0,4k + 2 ~ n}. By Lemma 5.2 we have

J
(31) hlj+1 < Njp1— Z ,]V+l ( )/@ 1
i=1 ¢
Now, observe that for j > igand 0 <1< j
) _ ORI _n-@eens G0
(2]&:—}1) (n—2ki—-2+1.) (2;:{—11) 2k +1 (27;;—2]) =

[The last inequality follows from
en—(2k+1)+j>2k+1,since (4dk+2) —j <4k +2—ig < n.

o (2”[—21') > (,;‘k__zj), since 0 <7 < 7, and so 2k — 4 > 2k — j and (2k — 1) +

(2k — ) < 4k —j <4k —ig <n—2]
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Thus,

N; 2 2k +1
(32) T]Vﬂ<zk> > <j—:—l> for j > max{0,4k+2 —n} and i < j.

Combining (31) and (32), we obtain that
2%k + 1) !

j+1 Zﬂi—l for j > max{0,4k + 2 — n}.
=1

®) <N

Therefore, for j > max{0,4k + 2 - n}

by (4) 2% + 1\ & i1
hjsr = Ry — S (-1
7+1 7+1 (,7 1 l‘.—;0( ) 1

2k+1
j+1

by (33)

< Nj+1—2< >(18j—1+16j—‘3+/3j—5+"')SNj-H' n

Now we are ready to prove the UBC and UBC’ .

THEOREM 6.6: If A is a 2k-dimensional homology manifold, then
hi(A) < N; forj=0,1,...,2k+ 1.
In particular, if A is Fulerian, then
fi-1(8) < fi—1(Cy4(n))  forl=0,1,...,2k+1

(if equalities are attained in all these inequalities then A is k-neighborly and
Bi; =0 for all i < k —2); and if A is non-Eulerian, then

fi_1(A) < My(n,d) forl=0,1,...,2k+1

(if equalities are attained in all these inequalities then A is (k + 1)-neighborly

and ,61; =0 for all 1 S k-1 and I@k — (’n;i;2)/(2k]:_1))

Proof: The first assertion follows from Lemmas 6.4 and 6.5. The second assertion
follows from the first one by the definition of M;(n,d), Lemma 6.1 and Remark
6.3. Now, suppose that equalities are attained in all the inequalities. Then it
follows from the first assertion that h; = N; for ¢ = 0,1,...,k in the Eulerian
case and h; = N; for i = 0,1,...,k + 1 in the non-Eulerian case. And so A is
k-neighborly in the first case and (k + 1)-neighborly in the second case. Now,
let iy be the smallest index such that 3;, # 0. Then by (7), hi,+2 < N, and so
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ip > k — 1 in the first case and ig > k in the second case. In addition, we obtain
in the second case, that

n—k—2
= (040 = (= () = Wr-my (1) = ((2’“&1)),
k

which completes the proof. |

Remark: Lemmas 6.4 and 6.5 with suitable notational changes and the same
proofs hold for odd-dimensional manifolds as well, thus giving the second proof
of the UBC for odd-dimensional homology manifolds.

In fact, the ordinary UBC holds for a more general class of homology manifolds:

THEOREM 6.7: Let A be a 2k-dimensional homology manifold, such that 8 <
S{Bii# k—2,k,k+2 and 1 <1i <2k — 1}, or, equivalently,

k—3
(34) Be < 2Bk—1+ QZ@'-
=0
Then
fl—l(A) S fl_1(02k+1(n)) forl :0,1,...,2]€+1.

If equalities are attained in all these inequalities, then 3; = 0 fori < k — 2.

Proof: If n < 3k 4 3, then, by Lemma 5.5, g = fo =1=--- = fB_1 = 0, so
we have from (34) that 8, = 0. Therefore, A is Eulerian and we are done by
Theorem 6.6. Thus, suppose n > 3k + 4.

From Lemma 6.1 and Remark 6.3 it follows that it is sufficient to prove that
h;j(A) < Njfor j =0,1,...,k and hgy1(A) < Ni. By Theorem 6.6 for arbitrary
2k-dimensional homology manifold A, hj(A) < N; for j = 0,1,...,k. So it
suffices to prove that if A satisfies (34), then hy1(A) < Ny.

1.n=3k+4o0rn=3k+5.
Then 4k —n+ 1> k — 4, so by Lemma 5.5

(35) Be—4=Pr—s="---=p1=0.
Since, in addition, k£ — 1 > max{4k + 2 — n,0}, we obtain from (33) that

(36) hy < Ny — (%; 1) (Br—2 + Br—3)-
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Therefore,

- k41

by (4)and(35) 2k+1
hri1 = kt1 ™
by Lem:ma 5.1 h, _ (2](3 + 1

)(ﬁk—l — Br—2 + Br—3)

k k

by (36) 2k +1
< Nj - < ]:—

>(—ﬁk +20k_1 — Br—2 + Br-3)

) (=Br + 2Bk—1 + 20k-3)

by (34} and (35)
< Ng.

Thus in this case the theorem is proved.

2. n>3k+6.
Then for 0 < ¢ < k — 3 (so we assume that k > 3)

CRY T 2k+1 (%) T2%k+1 (19

M) _n—k-2 G0 2k+a (159)

k k+1 k+1
_ @kt -k =3)(n—k—4) _ (2k+4)(2k+3)(2k +2)
B (2k + 1)(k +3)(k +2) = (k+2)(k+3)(2k+1)
2k +3
Thus
Ny, (2k 2k +1 .
(37) —N—’“<z>z3< A > for i < k — 3.

Since k — 1 > max{0,4k + 2 — n}, we observe from (32) that

Ng (2k 2k+1 .
(38) N; (Z) - ( k ) fori=k-2k-1

From Lemma 5.2, {38} and (37) we obtain

k—4
(39) hy, < Ni — <2k]: 1) (Br—2 + Pr—3s +3Zﬂz‘)-

i=0
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Therefore,

, % + 1
Prsr o Piy1 — (k ‘1 ) (Bo—1 = Br—2+Pr—3—--")

by Lerz_-ma 5.1 [ (219 + 1) (‘,Bk + Zﬂk-l

+ (= Br—2 + Pr—3 — Br—a + Br—s — -+ -))
)(‘ﬂk +2Bk—1 + 283

+ (208k—4 + 4Bk-5 + 28k—6 + 4Br—7 + )

(32 k

by (39) 2% + 1
< Nk—< :.

k-3
2k +1 by (34)
< N — < K )(“ﬂk +201+2) B) < Ni
i=0
Discussion of equality is exactly the same as in the proof of Theorem 6.6. 1

COROLLARY 6.8: The ordinary UBC holds for the following classes of homology
manifolds:
1. homology 2k-manifolds with vanishing middle homology;
2. homology 2k-manifolds with x < 2 when k is even or with ¥ > 2 when k is
odd.

Proof: Such homology manifolds satisfy the assumptions of Theorem 6.7. |

7. Further remarks and conjectures

Here we consider some conjectures concerning the combinatorial structure of
the shifted basis of the Stanley-Reisner ring of a (triangulation of) topologi-
cal manifold and relations between the face numbers and the Betti numbers of
triangulated manifolds to which these conjectures lead.

First, a brief summary of what we have seen in Section 4. Let A be a (d — 1)-
dimensional simplicial Buchsbaum complex on n vertices. Let R be its Stanley—
Reisner ring. Consider generic linear forms yy, s, . . . , Yn, order monomials in the
y’s lexicographically and choose from these monomials a basis of Ra over k,
S(A), in the greedy way. For i = 0,1,...,d — 1 define A4; to be the set of all
monomials m in ¥i11,%iv2, .-, Ya, such that m is in S(A), y;m is in S(A), but
Yi+1m is not in S(A), and define A, to be the set of all monomials m in variables
Yd+1, - - - Yn Such that ygm is in S(A). Let MON(i) be the set of all monomials
in ¥i,...,yn- Let S(A) = S(A) NMON(d + 1):

We proved that for i =0,1,...,d -1
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1. There are exactly (f_:ll)ﬁr_l monomials m of degree r in Yiy1,Yi42, -2 YUn

such that m € S(A), yym € S(A), but y;1.1m ¢ S(A).
2. All these monomials are actually monomials in y441,...,Yn.
3. If y2, ym ¢ S(A) then y;.1m ¢ S(A).

These facts allowed us to calculate the generating function of A4. We obtained
(see Lemma 4.2) that the number of monomials in A, of degree r is b/ — (d;l)[}rﬁl‘
Since 8T+1S'r+1 (A) C Ay, this led to the proof of Theorem 1.7, which asserts that

d—1 <r>
hry1(A) < (h’T(A) - ( - )@-ﬂA)) forr=1,2,...,d — 1.

Gil Kalai conjectured that if A is a triangulation of a topological manifold (briefly,
triangulated manifold), then stronger results hold. To state his conjectures let
us define Cgqp; = {m € AgNMON(d + 2) : ygy1m ¢ S(A)}. That is, Cysy is
the set of all monomials m in variables yay2,...,¥yn, such that ygm € S{A), but
yar1m ¢ S{A). Let H, be the set of all monomials of degree 7 in Ay — Cyyq.
Then 8r+15',+1(A) C H,, rather than in Ay, as proven.

CONJECTURE 7.1: Let A be a (d—1)-dimensional triangulated manifold (with or
without boundary, orientable or not orientable). Then the number of monomials
in Cy41 of degree r is equal to (‘::i),@r_l.

Remark 7.2: Lemma 4.2 and Conjecture 7.1 imply that

|Hr| = h;- - <d; 1>ﬁr—1 - <f: i)ﬁr—l = h/r - (f)ﬂr—l

for1<r<d.
Define

d d\ « ,
no__ gt — —_ 1Y% .
h'r - hr <7‘> lg'r—l h'r + (7’) ;:1( 1) 57‘*1
(the last equality is the Schenzel theorem).

From now on, we will consider only triangulated manifolds without boundary
(and orientable over k).

The following lemma is another version of the Dehn-Sommerville relations:

LEMMA 7.3: For A as above, b} = h!]_, fori=10,1,...,d.
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(o (o) (5 ()
by Lemma 5.1 (‘f) (Bs = Bioy) — (‘f) (Bacios — Bis)

by Poincaré duality

Proof:

0. |

Remark 7.4: h” can be regarded as the “correct” h-vector for triangulated
manifolds without boundary.

CONJECTURE 7.5: If A is a (d — 1)-dimensional triangulated manifold then
1. If r <d/2 and m € H,, then ygjr'm € Hy_, (Conjecture 7.1 and Lemma
7.3 imply that m — yj;f’m is a bijection).

2. If r < d/2, then |{m € H, "MON(d + 2)}| > (,%,)B,1.

Remark: The first part of Conjecture 7.5 is the analog of the Hard-Lefschetz
theorem. If it is true, it implies that hy < hY < -+ < h{y/y) and that b, —h <
(R — R} _)<*> fori=0,1,...,(d/2] - 1.

The second part of Conjecture 7.5 provides lower bounds on hj ; — h{ for
1=0,1,...,[d/2] - L.

It is interesting to clarify for what families of simplicial complexes the UBC
holds. For example, it is possible that the UBC holds for all simplicial complexes
A, such that every link A’ (of face) of dimension 2r (r = 1,2,...) satisfies

Br <> {Bui#r—2mr+2,1<i<2r—1}

and, in particular, if the Betti numbers of all links vanish in the middle dimension.

We proved that for even-dimensional homology manifolds, h; < ("‘d':i—l) for
any ¢ < d, where d — 1 is the dimension of the manifold (see Theorem 6.6).
{And the proof works for odd-dimensional homology manifolds as well.) It is
not clear whether these inequalities hold for all Buchsbaum complexes. Wistuba
and Ziegler obtained that these inequalities do not hold for some pure simplicial
complexes (see (22]).

It is interesting to note that from our proofs it follows that if n is sufficiently
large then every homology 2k-manifold with n vertices such that g; # 0 for some
i#k—1,kk+1,0 <i< 2k satisfies the UBT. (In other words, for each such
homology manifold there are only finitely many triangulations that violate the

UBT.)



78 [. NOVIK Isr. J. Math.

THEOREM 7.6: Let A be a 2k-dimensional triangulated manifold on n vertices.
Conjecture 7.1 implies that

_ ()
ﬂ( )+ﬂk 1 +22ﬁl - (2k+1) :

k

In particular, Conjecture 7.1 implies the Kiihnel conjecture for any n.

Proof: Since 8,415,41(A) C Hy, [S,41(A)| = b1 and, by Remark 7.2, |H,| =
h! — (f)ﬂr_l, we obtain that

(40) thon < (- (D)o 1)

By Lemma 5.5 we can assume that n > 3k + 4. Repeating the calculations of
Lemmas 5.2 and 5.3, but using (40) instead of Theorem 1.7, we obtain

=22 (3 i n—2k—2 k2
k

Now, note that forn > 3k+4andi=k—1

(12) (i) n-2%-2 (n-k-2n-2%-2)  (2k+9(k+2)
("7H 2%k+1-i (k+hk+2)  C (k+Lk+2)
forn>3k+4andi<k-2
(;k‘—i).n—%—2>(z;§) n—2k—2
(7Y 2%k+1-i (" Zk+1
(43) _(n-k-2)(n—k—3)(n—2k-2)

(k+1)(k+2)(2k+1)
N (2k+2)(2k+ 1)k +2)
T (k+D(k+2)(2k+1)

and ok 9
n-— J—

44 —_— >1.

(44) kr1 o

Substitution of (42)—(44) in (41) completes the proof of the theorem. ]

Remark 7.7: Let A be a 2k-dimensional triangulated manifold on n vertices, such
that Bx(A) = 0. Then Conjecture 7.1 and the first part of Conjecture 7.5 imply
that S(A) C S(Caky1(n))-
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Indeed, By = 0, therefore |S’k+1| = hiy1 = Wiy, = |Heyqa]. Since Hypq C Sk+1s
it follows that Hry1 = S’k+1. Thus, by the first part of Conjecture 7.5, all
monomials in Sy are divisible by yz,1. In particular, ysié ¢ S(A). Therefore,
for any m € S(A), m is not divisible by yﬁ;. Thus, S(A) C S(Coxs1(n)) (see
[6] for the description of S(Cagt1(n))). If so, then A satisfies the generalized
upper bound theorem (see [6]).

In general, if ysizl ¢ S{A) then the UBC and some far-reaching generalizations
of the UBC hold for A (see [6]). In light of Conjecture 7.5, it seems that not all
(d — 1)-manifolds with ¥ = 1+ (—1)¢~! satisfy this condition. But it is possible
that this condition holds for all simplicial complexes A such that for every link
A’ (of a face) of dimension 27 (r =1,2,...), dim H.(A’,Zy) = 0.

8. Appendix (by Richard Stanley)

Let M be a graded Buchsbaum module of Krull dimension d > 0 over the graded
algebra R. Let m = Ry be the irrelevant maximal ideal of R. Let G; = G;(t) be
the Poincaré series of the local cohomology module H*(M) (in the variable t).
Thus G; is a Laurent polynomial for 0 < i < d — 1. Write

G(M) = (Gy,Gy,...,Ga-1).
Recall that H°(M) is a submodule of M, viz.,
HY(M) = {u € M : m*u = 0 for some k > 1}.

LEMMA 8.1: We have

0, i=0,

H'(M/H(M)) = { Hi(M), i>0.

Proof: The short exact sequence
0— H°(M) — M — M/H°(M) — 0
gives rise to the long exact local cohomology sequence

w H'(H(M)) — H(M) — H'(M/H°(M))
— Hi+1(H0(M)) —_— e,

Since H®(M) has Krull dimension 0, we have H*(H°(M)) = 0 if i > 0, while
HY(H%(M)) = H°(M). The proof follows from (45). |

The next lemma appears at the top of page 76 of [20], but without the grading.
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LEMMA 8.2: Let 2 € m be a homogeneous non-zero divisor (NZD) of degree a
on M. Fori <d—1 we have

HY(M/zM) = H'(M) & H'*' (M(—a)),
where M (—a) denotes M with the grading shifted by a.
Proof: The short exact sequence

0— M(—a) = M — M/zM — 0
yields

- — H'(M(~a)) = H'(M) — H'(M/zM)

(46) — HYYM(-a)) — ---

Now since M is Buchsbaum, we have mH*(M) = 0 for i < d (see Corollary 2.4
on p. 75 of [20]). Hence the map H*(M(—a)) = H*(M) in (46) is 0 for i < d,
and we get an exact sequence

0 — HY(M) — HY{(M/zM) — H'(M(-a)) — 0
for ¢ < d — 1, and the proof follows. B
COROLLARY 8.3: With z as in Lemma 8.2, we have
Gi(M/zM) = Gi(M) + t*°Gi1 (M),
for0<i<d-—2.
Now consider a peeling of M. At first we have
G(M) = (Gy,G1,Ga,...).

Let My = M/HO(M). (Possibly HY(M) = 0, as for face rings, but this is
irrelevant.) By Lemma 8.1,

G(My) = (0,Gy1,Gs,...).

Let z; be an NZD on M, of degree one. Let My = M; /21 M;. By Corollary 8.3,
we get
G(Mz) = (tG1,G1 + G2, G2 + 1Gs, ....).

Now let M3 = M,/H%(M,). By Lemma 8.1, we get

G(M3) = (0,G1 +tGq,Gy + tGa, .. ).
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Let £ be an NZD on M3 of degree one. Let My = Ms/xoMj;. By Corollary 8.3,
we get

G(My) = (t(G1 + tG2),G1 + tG2 + (G2 + tG3), G2 + tG3 + t(G3 + tGy), . . .)
= (tGl + tzGQ, G+ 2tGy + t2G3, Gy + 2tG3 + t2G4, .. )

Continuing in this way, we obtain the entire Poincaré series for the peeling of M.
In particular, we obtain the expression for Go(Ma;), which is the Poincaré series
of H 0 (M 2 k)
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